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1 Binomial coe�cient (recalling classical properties)

Binomial relation: Symmetry: Pascal's relation:
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Identities: (fn : nth-Fibonacci number)
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Multinomial coe�cient:
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=
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Multinomial relation: (x1+x2+...+xm)n =
∑
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2 q-analogs

A q-analog of fn ∈ N, is a polynomial f̄n(q) in N[q] such that lim
q→1

f̄n(q) = fn.

Classical q-analogs:

q-integer: [n]q :=
1− qn

1− q
= 1 + q + q2 + ...+ qn−1;



q-factorial: [n]q! :=
n∏
i=1

[i]q = [n]q[n− 1]q...[2]q[1]q;

q-binomial coe�cient:
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q-binomial identities: q-Pascal's relations
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Identities: (We set χ(P ) equal to 1 if P is true, and 0 otherwise.)
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Assuming xy = qyx, then (x+ y)n =
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As usual, we set:

inv(σ) := #{(i, j) | 1 ≤ i < j ≤ n and σ(i) > σ(j)}; maj(σ) :=
∑

σ(i)>σ(i+1)

i;

cycle(σ) := number of cycles in σ.

Some combinatorial formulas involving q-analogs:

∑
σ∈Sn

qinv(σ) =
∑
σ∈Sn

qmaj(σ) = [n]q!;
∑
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qcycle(σ) =
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(q + i);
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m; where am =

∑
λ`m

#{k ∈ N |λ1 ≤ n− k and `(λ) ≤ k}

3 Catalan numbers

De�nition: Cn =
1

n+ 1

(
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)
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Ck ( C0 = C1 = 1)

Some combinatorial interpretations: (see Stanley's book for more)

Cn = #{triangulations of a (n+ 2)-gon}
= #{w = w1w2...wn ∈ {a, b}n | ∀i |w1w2...wi|a ≥ |w1w2...wi|b}
= #{full binary trees with n+ 1 leaves}
= #{non-crossing partitions of an n-element set}
= #{Dyck paths on a (n× n)-grid}(see below)
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4 Lattice paths and Dyck paths

Lm,n := {γ ⊆ N2 | γ goes from (0, 0) to (m,n), by north or east steps}
Cm,n := {γ ∈ Lm,n | γ stays weakly above the diagonal} ((m,n)-Dyck paths)

C ′m,n := {γ ∈ Cm,n | γ stays strictly above the diagonal}

We set the notations Lm,n := #Lm,n, Cm,n := #Cm,n and C ′m,n := #C ′m,n. See
illustrations at the end.

Case m=n Case gcd(m,n) = 1 General case ( d := gcd(m,n), a := m/d, b := n/d )

Cn,n = Cn =
1

n+ 1

(
2n

n

)
Cm,n =

1

m+ n

(
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n

)
Cm,n =

∑
µ`d

1

zµ

∏
k∈µ

1

a+ b

(
ka+ kb
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)
.

For a partition µ = (µ1, µ2..., µ`) ` n, with di = #{k | µk = i}, de�ne zµ :=

n∏
i=1

ididi!.

Various equivalent descriptions of γ ∈ Cm,n:

By steps: s(γ) = s1s2...sn+m ∈ {N,E}∗ N = (0, 1), E = (1, 0), si = the ith step

By row lengths: a(γ) = (a1, a2, ..., an) ∈ Nn ai = number of squares between the ith N

of γ and the diagonal

As a partition: λ(γ) = (λ1, λ2, ..., λn) ` |λ| λi = number of E before the (n− i+ 1)th N

As a composition: ρ(γ) = (r1, r2, ..., rk) |= n ri = length of the ith block of N

De�nition of various statistics: (i.e. functions Cm,n −→ N)

inv(γ) := #{(i, j) | 1 ≤ i < j ≤ n+m, si = E and sj = N};

maj(γ) :=
∑

si=E , si+1=N

i;

coinv(γ) := #{(i, j) | 1 ≤ i < j ≤ n+m, si = N and sj = E};

area(γ) :=

n∑
i=1

ai;

dinv(γ) := #{(i, j) | 1 ≤ i < j ≤ n and ai = aj}+ #{(i, j) | 1 ≤ i < j ≤ n and ai = aj + 1}

Formulas:

∑
γ∈Lm,n

qinv(γ) =
∑

γ∈Lm,n

qcoinv(γ) =
∑

γ∈Lm,n

qmaj(γ) =

[
m+ n

n

]
q∑

γ∈Cm,n

qarea(γ) =
∑

γ∈Cm,n

qdinv(γ)
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Denote by C
(j)
m,n the cardinality of the set C

(j)
m,n := {γ ∈ Cm,n | si = N and si+1 = E occurs exactly j times}.

Given any symmetric function f =
∑
λ`n

aλ
pλ

zλ
, we have

Nm,n(z) =
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1

m
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j

)(
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zj N(m,n),f (z) =
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∏
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j=1

C(j)
m,n z
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(j)
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j

The coe�cients of Nm,n(z) are called the Narayana numbers.

5 (q, t)-Catalan numbers and Dyck paths

q, t-Catalan numbers: Cn(q, t) :=
∑

γ∈Cn,n

qdinv(γ)tarea(γ)

Cn(q, t) = Cn(t, q) (no direct bijection known)

q-Catalan numbers: Cn(q) := q(
n
2)Cn(q, 1q ) =

∑
γ∈Cm,n

qmaj(γ) =
1

[n+ 1]q

[
2n

n

]
q

C̃n(q) := Cn(q, 1) =
∑

γ∈Cm,n

qarea(γ)

Identities:

Cn(q) =
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(−1)k−1qr
2−2

(
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1 + qn−k+1+i

1 + qi

)[
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k

]
q

Ck(q)

C̃n(q) =
n−1∑
k=0

qkC̃k(q)C̃n−k−1(q)

6 Parking functions

We respectively denote by P
(γ)
m,n, Pm,n, and P ′

m,n the sets of "parking functions of shape γ",
"(m,n)-parking functions", and "diagonal avoiding (m,n)-parking functions". These are de�ned
as

P(γ)
m,n = {λ = (λσ(1), λσ(2), ..., λσ(n)) ∈ Nn | λ(γ) = (λ1, λ2, ..., λn), σ ∈ Sn}

Pm,n =
⋃

γ∈Cm,n

P(γ)
m,n

P ′
m,n =

⋃
γ∈C ′m,n

P(γ)
m,n

Their respective cardinalities are denoted: P
(γ)
m,n := #P

(γ)
m,n, Pm,n := #Pm,n, and #P ′m,n =

P ′
m,n. We have
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P (γ)
m,n =

(
n

ρ(γ)

)
; Pm,n =

∑
γ∈Cm,n

P (γ)
m,n =

∑
γ∈Cm,n

(
n

ρ(γ)

)

Action of Sn on P(γ)
m,n : σ · π = (πσ−1(1), πσ−1(2), ..., πσ−1(n))

Frobenius characterisitic of P(γ)
m,n : P(γ)

m,n(x) = hρ(γ)(x)

Frobenius characterisitic of Pm,n : Pm,n(x) =
∑

γ∈Cm,n

hρ(γ)(x)

Frobenius characterisitic of P ′
m,n : P ′

m,n(x) =
∑

γ∈C ′m,n

hρ(γ)(x)

As before, we set d := gcd(m,n), a = m/d, b := n/d, and consider the linear and multiplicative
operator Θa,b on symmetric functions, such that

Θa,b(pk) :=
1

a
hbk[ak x]

=
1

a

∑
λ`bk

(ak)`(λ)

zλ
pλ(x)

where we use plethystic notation assuming that a and b behave as constants.

Case m = n Case gcd(m,n) = 1 General case

Pn,n(x) =
∑
λ`n

(n+ 1)`(λ)−1
pλ(x)

zλ
Pm,n(x) =

1

m

∑
λ`n

m`(λ) pλ(x)

zλ
Pm,n(x) = Θa,b(hd(x))

P ′
n,n(x) = Pn,n−1(x) P ′

m,n(x) = Pm,n(x) P ′
m,n(x) = Θa,b((−1)d−1ed(x))

Pn,n = (n+ 1)n−1 Pm,n = mn−1 Pm,n =< Pm,n(x), hn1 >

where < ·, · > is the usual scalar product on symmetric functions. We also have

∑
γ∈Cm,n

eρ(γ)(x) =
∑
µ`d

1

zµ

∏
k∈µ

1

a
ekb[ak x]
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Illustrations involving Dyck paths

γ1, a (7, 4)-Dyck path

γ2, a (8, 6)-Dyck path

s(γ1) = NNENEEEENEE s(γ2) = NENENNEEENENEE

a(γ1) = (0, 1, 2, 0) a(γ2) = (0, 0, 0, 2, 0, 0)

λ(γ1) = (5, 1, 0, 0) λ(γ2) = (6, 5, 2, 2, 1, 0)

ρ(γ1) = (1, 1, 2) ρ(γ2) = (1, 1, 2, 1, 1)

inv(γ1) = 2 + 1 + 1 + 1 + 1 inv(γ2) = 5 + 4 + 2 + 2 + 2 + 1

= 6 = 16

maj(γ1) = 3 + 8 maj(γ2) = 2 + 4 + 9 + 11

= 11 = 26

coinv(γ1) = 7 + 7 + 6 + 2 coinv(γ2) = 8 + 7 + 6 + 6 + 3 + 2

= 22 = 32

area(γ1) = 0 + 1 + 2 + 0 area(γ2) = 0 + 0 + 0 + 2 + 0 + 0

= 3 = 2

dinv(γ1) = 1 + 1 dinv(γ2) = 4 + 3 + 2 + 1

= 2 = 10

gcd(7, 4) = 1 gcd(8, 6) = 2

C7,4 =
1

7 + 4

(
7 + 4

7

)
C8,6 =

1

z(2)

(
1

4 + 3

(
8 + 6

8

))

+
1

z(1,1)

(
1

4 + 3

(
4 + 3

4

))2

=
(10)(9)(8)

4
=

429

2
+

25

2
= 180 = 227
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Illustrations involving parking functions

2

3

1

4

π1, a (7, 4)-parking function of shape γ1
3

2

4

5

1

6

π2, a (8, 6)-parking function of shape γ2

λ(γ1) = (5, 1, 0, 0) λ(γ2) = (6, 5, 2, 2, 1, 0)

π1 = (0, 5, 1, 0) π2 = (0, 6, 2, 1, 5, 2)

= (3124) · λ(γ1) = (613524) · λ(γ2)

= (4123) · λ(γ1) = (614523) · λ(γ2)

= {{4}, {1}, {2, 3}} = {{6}, {1}, {4, 5}, {2}, {3}}

P7,4 = 74−1 P8,6 =< P8,6(x), h61(x) >

= 343 = 35328
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