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1 Binomial coefficient (recalling classical properties)

Binomial relation: Symmetry: Pascal’s relation:
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2 g-analogs
A g-analog of f, € N, is a polynomial f,(q) in N[g] such that lin% fn(@) = fn.
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Classical g-analogs:
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g-binomial identities: g-Pascal’s relations
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Identities: (We set x(P) equal to 1 if P is true, and 0 otherwise.)
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Assuming zy = qyzx, then (z +1y)" = Z { }
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As usual, we set:

inv(o) :=#{(i,j) | 1<i<j<nand o(i) >0(j)};  majlo):= Y i
o(i)>o(i+1)

cycle(o) := number of cycles in o.

Some combinatorial formulas involving g-analogs:
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3 Catalan numbers
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Some combinatorial interpretations: (see Stanley’s book for more)
C, = #{triangulations of a (n + 2)-gon}
= #{w=wwy..w, € {a,b}" | Vi lwiws...w;|s > |wiwa...w;|p}
= #{full binary trees with n 4 1 leaves}
= #{non-crossing partitions of an n-element set}
= #{Dyck paths on a (n x n)-grid}(see below)




4 Lattice paths and Dyck paths

Lo := {7y C N? | ~ goes from (0,0) to (m,n), by north or east steps}
Cmn ={y € ZLnn | v stays weakly above the diagonal} ((m,n)-Dyck paths)
€ := {7y € Gnn | v stays strictly above the diagonal}

We set the notations L, , = #Z%nn, Cmn = #%nn and C'hp = #C pmn. See
illustrations at the end.

Case m—=n Case ged(m,n) =1 General case ( d:=gcd(m,n),a:=m/d,b:=n/d )
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For a partition pu = (1, pa..., te) = n, with dy = #{k | py, = i}, define 2, := Hididi!.
i=1
Various equivalent descriptions of v € €, ,:
By steps: s(y) = s182...8n4m € {N,E}* N =(0,1), E = (1,0), s; = the ith step
By row lengths: a(v) = (a1, az, ...,a,) € N" a; = number of squares between the 7" N
of v and the diagonal

As a partition: A(Y) = (A1, A2, An) B A A\i = number of F before the (n — i+ 1) N
As a composition: p(vy) = (r1,72,...,7%) En r; = length of the i'® block of N

Definition of various statistics: (i.e. functions %, , — N)

inv(y) =#{(,j) |1 <i<j<n+m, ss=Fand s; =N}

maj(y) = g

Si:E 5 5i+1:N
coinv(y) =#{(i,j)|1<i<j<n+m, s;=N and s; = E};

n
area(y) = Z ai;
i=1

dinv(y) =#{(G,j)|1<i<j<nanda;=a;} +#{(,j)|1<i<j<nanda =a;+1}

Formulas:
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Denote by Cr(n)n the cardinality of the set (5 ={y € Gnnl| si =N and s;;1 = E occurs exactly j times}.

Given any symmetric function f = Z aAp—/\, we have
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The coefficients of A7, »(z) are called the Narayana numbers.

5 (gq,t)-Catalan numbers and Dyck paths

g, t-Catalan numbers: Cn(gq,t) = Z qdinv () garea(y)
’Ye(gn,n
Cn(q,t) = Cup(t,q) (no direct bijection known)
g-Catalan numbers: Cn(q) = q( q’q Z g™i0) [”]
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6 Parking functions

We respectively denote by 9753)”, P, and P, the sets of "parking functions of shape 7",
"(m,n)-parking functions", and "diagonal avoiding (m, n)-parking functions". These are defined
as
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Their respective cardinalities are denoted: Pmn = #@mn, = #Pmm, and #P'p, , =
P n- We have



A= () s E A= 3 (1)

YECm,n YECm,n
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Frobenius characterisitic of 32,5;’)” : (@fg)n(m) = hyp ()
Frobenius characterisitic of &, ,, : Pn(T) = Z oy (x)
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Frobenius characterisitic of &, , : D n(T) = Z by ()
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As before, we set d := ged(m,n), a =m/d, b:=n/d, and consider the linear and multiplicative
operator ©,; on symmetric functions, such that
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where we use plethystic notation assuming that a and b behave as constants.

Case m=n Case ged(m,n) =1 General case
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where < -,- > is the usual scalar product on symmetric functions. We also have
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Illustrations involving Dyck paths
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p(m) = (1,1,2)

inv(y) =2+1+1+1+1
=6

maj(y) =3+38
=11

coinv(y) =7+7+6+2
=22

area(y1) =0+14+2+4+0
=3

dinv(y1) =1+1
=2

ged(7,4) =1

1 (7+4
Cra= 7+4< 7 >

(10)(9)(8)

=180
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2, a (8,6)-Dyck path

s(72) = NENENNEEENENEE
a(y2) = (0,0,0,2,0,0)
A7) = (6,5,2,2,1,0)
p(y2) = (1,1,2,1,1)
inv(y) =5+4+24+2+2+1
=16
maj(ye) =2+4+9+11
=26
coinv(vyy) =8+ 7+6+6+3+2
=32
area(y2) =0+0+0+2+0+0
=2
dinv(y2) =44+3+2+1
=10
ged(8,6) =2

429+25
2 2
=227




Illustrations involving parking functions
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71, a (7,4)-parking function of shape v;
79, a (8,6)-parking function of shape o

/\('h) = (5,1,0,0) A(W) = (6,5,2,2,1,0)
=(0,5,1,0) =(0,6,2,1,5,2)
= (3124) - A(11) = (613524) - A(72)
= (4123) - A(1) = (614523) - A(72)
= {{4}, {1}, {2,3}} = {{6},{1},{4,5}, {2}, {3}}
9774 = 74_1 c@8,6 =< 98,6()()7 hflj(x) >
— 343 = 35328
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