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Partitions

Po= i, ks = 2 e > 05 and HZZuji=|M\-
m=1,--,1: [
/ N’ ,u//\:

po ,
n times
legI

?2];

(1) z,:= Hid"di! for p=1%--.n%  (2) n(p) = Zl(c) = Z j and n(y') = Za(c) =

cEp (4,5)Ep cEp (4,5)€En

’Example 1 clic here‘ Wikipedia page on this

Tableaux

p=p, b it p CNxN; p={cle=(i,§), 0<j <lu)~1; 0<i < pja—1} Y pj=mn.

Tableau Semi-Standard Tableau Standard Tableau f*
Tip—{1,2,--- ,n} T(a,j) <7(b,j) =a<b 7 bijection, 7(a,j) < 7(b,j) = a <b
and 7(i,c) < 7(i,d) = c < d and 7(i,¢) < 7(i,d) = c < d
Hook lenght formula : Determinental formula :

n! "2 =np! ' =nlde —
S B e S (e )l

uEn

’Example 2 clic here‘ Wikipedia page on this

2. CLASSICAL BASIS OoF A

A = Ag : ring of symmetric functions; @ := {x, 9, x3, - }. Basis are indexed by partitions, g = g(x).

Monomial symetric functions Power sum symmetric functions :
P H1 .12 Hik e n __ O
(6) my = E Ty Ty v Xy (7)  pni= E Ty =mey and  pu =P Py,
i1, yip ENF iEN
distinct

Complete homogeneous symmetric functions Elementary symmetric functions

(8)  hy,:= Zm,\ and hy:=hy --h, (9 eni= Z$i1 sy, =myn and e, =€, - -

An 11 < <lp
where hg = ey =1 and e, = hy, = 0 for all £ < 0.

Schur symmetric functions (Jacobi-Trudi determinant formulas)

(10) Sp = det ((hm—i—l—j)i,j) ] S(n) = hn (1]_) S = det ((GM_Z‘_H')Z‘J‘) ; Sin = Min = €y

k
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Example 3 clic here | Wikipedia page on this
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2 (oneD Amin Rimvaominnte A Inenrmrmromo

Generating functions

(12) E(t):=> et" =[]0 +at)
= = = (14) S (1) ey =0
1 1 r=0
13 h.t" =
(13) Z H (1 — z;t) E(—t)
r>0
d H'(1) P
15) P(t) = "= —logH (t Hit ®) 16 hy = M-
(15) (1) Zp lost () = s o Hit = S (6)  whe=Yp
(17 Zp t" = logE( ) = E() & B(t) =e P = (18) ne, = i(—l)’"_lp e
T>0 T E(t) n — r~n—r
Wikipedia page on this
Changing basis
—1)—tw)
(15) = (19)  ha( p“ (17) = (20) en(x) = Z (=1) pu(a:)’ see also 29 and 30
ukn puEn i
The w linear map Changing basis
w: A= A, } { w¥(g(x)) = g(), Vg € A; (21) w(hn) = en;
— j .

P = (=1)"'py w(sp) = s (22) w(my) = fu..{f.} is the forgotten base
Scalar procduct Cauchy Kernel {f.} and {g,} dual basis iff
(23) (Pu>PA) = Zu0ux (24) Qay) =[] ﬁ (dy, gr) = Oy or

(9.d) = (w(g),w(d)) Vd, g € A. T Ozy) =) du(@)

(25) Qlay) = halay) = 3 su@)suly) = 3 hu(a)m, Zeu Zpu

A FBFDNADDNTITC MD ANCELNADM AN Hir Do cnbpDimo

Cyclic structure Cyclic type
Mo)=A,- A iff o= (o1, ,00) - (Oxtrp 1415 7 O] o=o0,iff AN(o) =pn
Class functions Characters

(26) R(S,) ={x:S, = C|x(0)= X(Tanl), Vr eSS, xvtxw = Xvew and XVXW = XVaW

Frobenius transform ]-" (of an S -module V)

(21) F(V) = = Y e =Y vl = F(Ve W)= F(V)+ F(W)

oES, AFn “
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Changing basis

1 1
(28) F(x") = E —X"(oa)pr = Sus (29) f()agn) = E —px = hy,
z Zu
An TH AFn
where y* is an irreductible character. where 1g, is the trivial representation.

1

Z_(_l)n*f(u)p“ =e,, Note 29 is equivalent to 19
o

(30)  FlXsigng, ) = Z ZLXSignsn (ox)pr = Z

Abn TH pbn and 30 is equivalent to 20.

where Sign__ is the sign representation.

Graded Frobenius characteristic Bigraded Frobenius characteristic
(31) Froby(V) := Y F(Va)q", (82)  Froby(V) =S F(Vuu)q'th,

n>1 n>1
where V' = @,,>1V,, is a graded S,-module. where, V = @, >1V,,1 1s a bigraded S,,-module.
Hilbert series (poincaré series) Bigraded Hilbert series
(33) Hilb, (V) := > dim(V},)q", (34)  Hilby, (V) := Y dim(V,1)q"t",

n>1 n>1

where V' = @,,>1V,, is a graded space. where, V' = @,, >1V, 1 1s a bigraded space.

5. PLETHYSM (A-RINGS)
plethysm is defined by :
(35) pulx+ Y] =pulx] +pulY], (37)  pplz] = 2" therefor p,[pr(x)] = pur(x), pnlgz] = ¢"pn(x)
(36)  pulxY] = pulx|palY] (38) pnlc] = ¢, if ¢ is a constant, pulte] = t"pu()

’Example 4 clic here‘

R NMAOTANATT QUMMETDTA TN TTANCS

More scalar product

... for original Macdonald polynomials ...for combinatorial Macdonal polynomials
€1 “n)

(39) (P> PA) gt = ZuéMth (40) (P, A« = (_1)|ﬂ|_£(ﬂ)zu5A,uH(1 —q")(1 =)
i=1 i=1

(41) <H/u H)x)* = gu(qv t)gl.,/,(Q7 t)(sx\,;m where gM(Qv t) = H(qa(c) _tl(0)+1) and gllj,(q7 t) = H(tl(C) _qa(c)-l—l)

cEN cEN
Cauchy formula for the H,

xy o Hu(x;q,t)Hy(y; 9, 1)
(42) e"{u—q)(l—w}‘z £,(4. 00,0

pukn
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Original Macdonald polynomials Combinatorial Macdonald polynomials
(Gram-Schmidt of the monomial basis
in respect to (-, )q+t)

xXr
44) Hy(w;q.t) = P, |——q,t7" ale) — o+
(43) Pﬂ<x;q’t) =my + Zu'y(q,t)m,y ( ) M(w7Q> ) w |i1 — taqa :| H(q )

cEN

e ‘Example 5 clic here‘
(45) H,(xz;q,1) = HH (x;q,1) (46) H,(xz;q,t) = Hy(x;t,q)
S i a1 ) (RGN B ACYRI R § (RS

i=1 =1

(49) H,(x;q,t) = Frob, ;(M,), where M, = C{6x*0y’A,(x,y) | a, 3 € N"} is a Garcia-Haiman

module and A, = det(zLy))1<p<n-

(5,7)€en
Specialisation
(50) Hu,(w; 0, O) = Sn (51) Hu(wv 0, ]-) = hu (52) Hu(ma 1, 1) = Sin
(¢,t)-Kostka polynomials K ,(q,t)
(53) Hu(x;q,t) = > Kaulg,t)sa(x), where Ky ,(q,t) € N[g,¢]. (54) Kxula:t) = Ky (t,q)
A pl
(55) Kyu(g,t) = """ WKy (gt (56) Ky (tq) = K5l (q,1)

7. MACDONALD OPERATORS

The V operator
(57) V(H,) = ¢""¢"wp, (58)  V(Azs) € Azjgq and V1 (Azs) € Azjgii/gis

(59) V(e,) = Froby+(DH,), where DH = {f € Clz,y| | pri(0x,dy)f(x,y) =0,Yh, k s.t. h+k > 0}

is the diagonal harmonic space.

(60) View=1 = Y ¢ Ve, see figure 2. (61) (V(en),en) = Cu(q,t)

’YG'Dn,n

’Example 6 clic here‘

The Apr operators

) Bo= S gt (63) AcHuwin)=FBlH,@at) (61 Ar(Aggg) C Asg
(4,9)En

(65) AF(; = AF o A(; (66) AF+(; = AF + A(; (67) AC(; = CA(;, for c € @

w* and w
(68)  w*(F(x;q.t) =w (F (x;¢ "t ) (69)  w*(H,(x;q,t)) = ¢ "Wt W H, (x;q,1)
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(70)  w*'Vw*(Hu(x;q,1) =V (Hu(w;q,t)  (71) w(Hy(@;q,t) = "W H, (@507, ¢

(72) (Ve (en), F) = (Vur(ea), sa), VE € A" = Vb n, Ve, (en), su) = <v8,,/(6d)7 Sd),

The operator that multiplies by e; The operator that differentiates by e;
73 L Ad d+1 74 . Ad d—1
(73) e Adyy — AL (74) 6y s Ay = ALy
H.U'_)Zd)\# q,t)H)\ H,U»'_}ZCNM q,t)H,\
B A<
. qaﬂ(c>—tlﬂ(c)+1 —qaﬂ( c)+1 tl‘u(c)_qa“(c)+1 qau(c)_tlu(0)+1
d)\yﬂ(q7 t) - HCER/\,M g (&) _¢ix(e)+1 Hcecx " tlx(c)fqa/\(c)+l » €A M(q’ t) HCER%/\ tia(e) _gax(e)+1 c€Cua gon(e) _¢x(e)+1

R, is the set of cells in the same row as A\/u C»,. is the set of cells in the same column as A/

It is proven that e; [m} is the adjoint of d., in respect to (-, -)..

The Schur symmetric functions :

(75) Sy = Z x,, 7 semi-standard and z, = HxT(c)

T:U— cep

’Example 7 clic here‘

Pieri formula :

(76)  hys, = Z Sg. (77) enSy = Z Sg.

OFn+|p] OFn+|u|
’ Example 8 clic here ‘ 0/ ia a n-horizontal strip 0/u ia a n-vertical strip
The Kostka numbers K, x
(78) K, ) := #{ Semi-standard tableaux of shape p fillings of A}

w = ZK%)\m,\, (80) h# = Z K)\yus,\, (81) €un = Z K,\’HS/\/.

AFn AFn AFn

’Example 9 clic here‘

domino tabloid, dj ,
(82) dy, = #{ domino tableaux of shape A and type i}

(83) ey = Z(—l)'“'fe(“)dk,uhu, (84) hy = Z(_D\M%(u)d)wem

ukEn ukEn
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x"(A)
(85) XH(A) = Z(—l)ht(T), summed over all border-strip tableaux, T, of shape u and type A,
T
1
(86)  h(T) =[] m(Tx) (87) 5= ="\
N K
wy,, and vy,
(88) wy, = #{ Matrices of zeros and ones, with row sums A and column sums p }
(89) Uz, = #{ Matrices of non negative integers, with row sums A and column sums p }
(90) ey = Zw,\,#mﬂ, (91) hy = ZU,\,#m#,
ukEn pEn

’Example 10 clic here‘

9. ¢-ANALOGS (SEE [BER2009] FOR MORE ON THIS)

(92) n]y:=1+q+ q2 + (13 +o g (93) [n]ly = [nlgln — 1], - - [2]4[1],

o9 =

(95) Colq) = — [%} _ [2n)y2n— 1]y [0+ 3gln + 2],

[n + 1](1 n [”}q[n - 1](1 T [Z]qmq

n— - n e n+k—1
(96) ex(L,q.q* -+ g™ ") =g" I M O7)  ha(l,q. ¢ ") = [ . ]
g q

’Example 11 clic here‘
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]

Exvample 1 : pn = T7443 & 25, |77443| = 25, £(77443) = 5,

eg, lc) =1 —(j+1)=3 ]

cell, c=(2,1) — |

2, = Zppaas = 77 - 47 - 3 212111 = 9408;

I

arm, a(c) = pj — (1 +1) =4
h77443(0) = CL77443(C) + 177443(0) +1=28

\

' = 5554222 and A= 43321 :

/A

hook, hss54222(2,1) = 5

n(p) = n(77443) = 39;

n(p') = n(5554222) = 57.

go back
Ezxample 2 :
Tableau Semi-Standard Tableau Semi-Standard Tableau
5 3 3
3 163 213 212
111} 9 111 11
shape 221 shape 221 and filling 212 shape 221 and filling 221
No order (i.e. filled by {1%,2,3?}) (i.e. filled by {1,1,2,2,3})
All standard tableaux of shape 221 :
3 5 5 4 4
215 2 |4 314 215 3|5
1|4 113 112 1|3 1] 2
[ = 2 = e = 5 Bl=3 " s(f*)? =1+ 4 +5 +6° +5 +4°+ 1% = 120

go back
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FExample 3 :
mo1 (2,9, 2) = 22y + 222 4+ zy® + 222 + P2 + y2?
ho1 (2,9, 2) = hoh1 = (Mg +my)my = (B2 + > + 22 + 2y + 22+ y2) (T + y + 2)
e (2,y,2) = (zy + vz + yz)(z + y + 2)
por(®,y,2) = (22 + 92 +2°)(z +y+2)
s501(Z,y, 2) = 22y + 2°2 + 2Y° + 2% + yP2 + y2? + 2zy2
Forn=4:
ha(,y, 2) = My111 + Ma11 + Mag +ma1 + my
hsi(x,y, z) = 4ma111 + 3marr + 2mag + 2mgy + my
hoo(2,y, 2) = 6mai11 + 4manr + 3magg + 2ma; + my
ho11 (2, y, 2) = 12mq111 + Tmorr + 4mag + 3ms; + my
hi (7, y, 2) = 24main + 12ma1; + 6mgy + 4mg; + my
s4(%,y,2) = hy 54(2,Y,2) = er111 — 3ea11 + e + 2e31 — e4
s31(T,y,2) = har — hy 531(7, Y, 2) = €211 — €22 — €31 + €4
892(2, Y, 2) = hao — ha 592(2,y, 2) = ez — €31
5911(Z, Y, 2) = ha11 — hoy — hay + hy son1(z,y, 2) = e31 — eq
51111($ Y,z ) = hi111 — 3ho11 + hag + 2hs1 — hy 51111(3j Y,z )
on haclk
Ezxample j :
a) Let f=(q+t)ps, then:  f[32] = (¢+t)px 3] = (¢+t)25mpe(a).
b) palpi(®)] = palzr + 22+ -] =pu(x) = ZZeNPn[%‘] =D ien i
¢) Palpe(@)] = pn [Zien 75| = XienPulri] = Xien 2" =pur(®) = pulf(@)] = flpu(2)]Vf € A

d) Let g =ps(x) + pi(z) and f = pii(x) + pa(x), then :
glf(@)] = (ps + p1u1)[f ()]
= ps[pu (@) + p2(x)] + prua[pi(x) + pa()]
= pa[p11(@)] + pa[p2(@)] + (p1[pui () + pa(2)])°
= pa[p1(@)]ps[p1(®)] + po() + (p11(2) + pa(x))’
= ps(x) + p33(T) + p2za(x) + 3p2211(x) + 3p21111(x) + prs(x)
and
flg(®)] = (p11 + p2)[g()]
= (p[ps(®) + pia()])? + pa[ps(x) + pin ()]
= po(x) + p33(x) + 2ps111(x) + paza(x) + prs(x)

Therefor glf(@)] # flg(®)].
go back
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Example 5 :
Hy(z,y,2) = ¢®stinn + (¢ + ¢ + ¢*) son + (¢* + @) s22 + (¢ + ¢ + q) 531 + 54
Hsi(z,y,2) = ¢*sunn + (q t+q° +Q) S911 + (C] t+¢]) S99 + (q t+qt + 1) S31 + tsy4
Ho(x,y,2) = ¢*sunt + (€t + gt + q) so11 + (P17 + 1) 592 + (qt® + gt + 1) 531 + 754
Houi(z,y,2) = gsin + (gt + gt + 1) so11 + (qt® + 1) s22 + (qt® +£° + 1) s31 + t°s4
Hlnl(l',y, ) = S1111 -+ (t —+ tz -+ t) S211 —+ (t -+ t2) S99 -+ (t5 -+ t4 —+ tg) S31 +t S4
go back
FIGURE 1. FIGURE 2.
Dyck path, v € Ds Dyck path of area 4
with riser p(y) = 221 Cyn :==#D,
Example 6 :
Vl]i=1(es) = €3 e qea qeon + €111
go back
Example 7 :
[v] 2] [v] 2] 2] 2] 2] [v]
821(x’y72>:XX|+XX|+Xy|+XZ|+yy|+yZ|+xy|+xz|
= 22y + 2?2 + 2y? + 2% + 22 + y2? + 2zy2
go back
Example 8 :
h3821 = - X |
g = =8
— [T T - 1T+ EE- +
= 851 + S411 + S42 + S321
go back
Example 9 :

K221,5 = 07 K221,41 = 07 K221,32 = O, K221,311 = 07 K221,221 = 17 K221,2111 = 27 K221,11111 =9

S991 = M9y + 2Mo111 + dDMi1111
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Kso01 =1, Ky1001 = 2, K32991 = 2, K3i11201 = 1, Koo1921 = 1, Kor11001 = 0, Kiq111,201 = 0
hao1 = 85 4+ 2541 + 2832 + S311 + S221
€221 = S11111 + 282111 + 25221 + S311 + S32

go back
FExample 10 :
11 1 10 1 01 011
Wa1,3 = #{} =0, Wa1,21 = # { L O} } =1, Wo1,111 = #* 0 0 1, |0 1 0|, (1L 0 O =3
0 0 0 0 0 0 0 0 0

€21 = Ma1 + 3Mi11

2 0 1 1 2 0
V1,3 = F# { L O}} =1, vo101 = # { {1 0] ; [O 1} } =2, V91,111 = War,111 = 3

ho1 = mg + 2mgy + 3myay,

go back

FExample 11 :
Bly=q¢'"+¢+¢+q+1

[4ly = (@ + @ +q+1)(@+q+D(g+1)(1)

L [8 [8]4[714(6]4
o=, .

=1+ +@+2¢* + ¢ +2¢° +¢" +2¢° + ¢ + ¢*° + ¢*?
go back
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